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Abstract
On the category of bisimplicial sets there are different
Quillen closed model structures associated to various defini-
tions of fibrations. In one of them, which is due to Bousfield and
Kan and that consists of seeing a bisimplicial set as a simpli-
cial object in the category of simplicial sets, fibrations are those
bisimplicial set maps such that each of the induced simplicial
set maps is a Kan fibration, that is, the pointwise fibrations. In
another of them, introduced by Moerdijk, a bisimplicial map is
a fibration if it induces a Kan fibration of associated diagonal
simplicial sets, that is, the diagonal fibrations. In this note, we
prove that every diagonal fibration is a pointwise fibration.
1. Introduction and summary
There are several (Quillen) closed model structures on the category of bisimplical
sets, see [3, IV, §3]. This paper concerns two of them, namely, the so-called Bousfield-
Kan and Moerdijk structures, that we briefly recall below:
On the one hand, in the closed model structure by Bousfield-Kan, bisimplicial sets
are regarded as diagrams of simplicial sets and then fibrations are the pointwise Kan
fibrations and weak equivalences are the pointwise weak homotopy equivalences. To
be more precise, a bisimplicial set X : ∆op × ∆op → Set, ([p], [q]) 7→ Xp,q, is
seen as a “horizontal” simplicial object in the category of “vertical” simplicial sets,
X : ∆op → S, [p] 7→ Xp,∗ and then, a bisimplicial map f : X → Y is a fibration
(resp. a weak equivalence) if all simplicial maps fp,∗ : Xp,∗ → Yp,∗, p > 0, are Kan
fibrations (resp. weak homotopy equivalences).
On the other hand, the Moerdijk closed model structure on the bisimplicial set
category is transferred from the ordinary model structure on the simplicial set
category through the diagonal functor, X 7→ diagX : [n] 7→ Xn,n. Thus, in this
closed model structure, a bisimplicial map f : X → Y is a fibration (resp. a weak
Supported by DGI of Spain: (MTM2004-01060 and MTM2006-06317), FEDER, and Junta de
Andaluc´ıa: P06-FQM-1889.
Received Day Month Year, revised Day Month Year; published on Day Month Year.
2000 Mathematics Subject Classification: 55U10, 5P05, 55U35
Key words and phrases: bisimplicial set, closed model structure, fibration, weak homotopy equiv-
alence
c© 2007, A.M. Cegarra and J. Remedios. Permission to copy for private use granted.
Journal of Homotopy and Related Structures, vol. 1(2), 2007 2
equivalence) if the induced diagonal simplicial map diag f : diagX → diag Y is a
Kan fibration (resp. a weak homotopy equivalence).
Several useful relationships between these two different homotopy theories of
bisimplicial sets have been established and, perhaps, the best known of them is the
following:
Theorem. (Bousfield-Kan) Let f : X → Y be a bisimplicial map such that fp,∗ :
Xp,∗ → Yp,∗ is a weak homotopy equivalence for each p > 0. Then diag f : diagX →
diag Y is a weak homotopy equivalence.
The purpose of this brief note is to state and prove a suitable counterpart to
Bousfield-Kan’s theorem for fibrations, namely:
Theorem 1. Let f : X → Y be a bisimplicial map such that diag f : diagX →
diag Y is a Kan fibration. Then fp,∗ : Xp,∗ → Yp,∗ is a Kan fibration for each p > 0.
Note that the converse of Theorem 1 is not true in general. A counterexample is
given in the last section of the paper.
Acknowledgements. The authors are much indebted to the referees, whose
useful observations greatly improved our exposition. The second author is grateful to
the Algebra Department in the University of Granada for the excellent atmosphere
and hospitality.
2. Some preliminaries
We use the standard conventions and terminology which can be found in texts
on simplicial homotopy theory, e. g. [3] or [6]. For definiteness or emphasis we state
the following.
We denote by ∆ the category of finite ordered sets of integers [n] = {0, 1, . . . , n},
n > 0, with weakly order-preserving maps between them. The category of simplicial
sets is the category of functors X : ∆op → Set, where Set is the category of sets. If
X is a simplicial set and α : [m]→ [n] is a map in ∆, then we write Xn = X [n] and
α∗ = X(α) : Xn → Xm. Recall that all maps in ∆ are generated by the injections
δi : [n − 1] → [n] (cofaces), 0 6 i 6 n, which miss out the ith element and the
surjections σi : [n + 1] → [n] (codegeneracies), 0 6 i 6 n, which repeat the ith
element (see [5, VII, §5, Proposition 2]). Thus, in order to define a simplicial set, it
suffices to give the sets of n-simplices Xn, n > 0, together with maps
di = δ
∗
i : Xn → Xn−1, 0 6 i 6 n (the face maps),
si = σ
∗
i : Xn → Xn+1, 0 6 i 6 n (the degeneracy maps),
satisfying the well-known basic simplicial identities such as didj = dj−1di if
i < j, etc. (see [5, p. 175]). In addition, we shall write down a list of other identities
between some iterated compositions of face and degeneracy maps, which will be
used latter. The proof of these equalities is straightforward and left to the reader.
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Lemma 1. On any simplicial set, the following equalities hold:
did
m
j =d
m
j di+m if i > j (1)
dmi =d
m−1
i dj if i 6 j < i+m (2)
dis
m
j =s
m
j di−m if i > j +m (3)
dis
m
j = s
m−1
j if j 6 i 6 j +m. (4)
Let f : X → Y be a simplicial map. A collection of simplices
xi ∈ Xn−1, i ∈ I,
y ∈ Yn ,
where I ⊆ [n] is any subset, is said to be f -compatible whenever the following
equalities hold:
dixj =dj−1xi for all i, j ∈ I, i < j,
diy =fxi for all i ∈ I.
The map f is said to be a Kan fibration whenever for every given collection of
f -compatible simplices
x0, . . . , xk−1, xk+1, . . . , xn ∈ Xn−1,
y ∈ Yn ,
there is a simplex x ∈ Xn such that dix = xi for all i 6= k and fx = y. The next
lemma (cf. [6, Lemma 7.4]) will be very useful in our development. For I any finite
set, |I| denotes its number of elements.
Lemma 2. Let f : X → Y be a Kan fibration. Suppose that there are given a
subset I ⊆ [n] such that 1 6 |I| 6 n and an f -compatible family of simplices
xi ∈ Xn−1, i ∈ I,
y ∈ Yn .
Then, there exists x ∈ Xn such that dix = xi for all i ∈ I and fx = y.
Proof. Suppose |I| = r. If r = n, the statement is true since f is a Kan fibration.
Hence the statement holds for n = 1. We now proceed by induction: Assume n > 1
and the result holds for n′ < n and assume r < n and the result holds for r′ > r.
Taking k = max{i | i ∈ [n], i /∈ I}, we wish to find a simplex xk ∈ Xn−1, such that
the collection of simplices
xi ∈ Xn−1, i ∈ I ∪ {k},
y ∈ Yn ,
be f -compatible, since then an application of the induction hypothesis on r gives
the claim. To find such an xk, let I
′ ⊆ [n− 1] be the subset
I ′ = {i | i ∈ I, i < k} ∪ {i− 1 | i ∈ I, i > k},
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and let
x′i ∈ Xn−2, i ∈ I
′,
y′ ∈ Yn−1 ,
be the family of simplices defined by x′i = dk−1xi for i ∈ I, i < k, x
′
i−1 = dkxi
for i ∈ I, i > k, and y′ = dky. This family is f -compatible, whence the induction
hypothesis on n− 1 gives the required xk, that is, a (n− 1)-simplex of X satisfying
dixk = x
′
i for i ∈ I
′ and fxk = y
′.
The category of bisimplicial sets is the category of functors X : ∆op×∆op → Set.
It is often convenient to see a bisimplicial set X as a (horizontal) simplicial object
in the category of (vertical) simplicial sets. If α : [p] → [p′] and β : [q] → [q′] are
any two maps in ∆, then we will write α∗h : Xp′,q → Xp,q and β
∗v : Xp,q′ → Xp,q
for the images X(α, id) and X(id, β) respectively. In particular, the horizontal and
vertical face and degeneracy maps are dhi = (δi)
∗h , dvi = (δi)
∗v , shi = (σi)
∗h and
svi = (σi)
∗v .
By composing with the diagonal functor ∆→ ∆×∆, [n] 7→ ([n], [n]), we get the
diagonal functor from bisimplicial sets to simplicial sets, which provides a simplicial
set diagX : [n] 7→ Xn,n, associated to each bisimplicial set X , whose face and
degeneracy operators are given in terms of those of X by the formulas di = d
h
i d
v
i
and si = s
h
i s
v
i , respectively.
3. Proof of Theorem 1
Let p > 0 be any fixed integer. Then, in order to prove that the simplicial set
map fp,∗ : Xp,∗ → Yp,∗ is a Kan fibration, suppose that, for some integers q > 1
and 0 6 ℓ 6 q, there is given a collection of bisimplices
x0, . . . , xℓ−1, xℓ+1, . . . , xq ∈ Xp,q−1,
y ∈ Yp,q ,
which is fp,∗-compatible, that is, such that d
v
i xj = d
v
j−1xi for 0 6 i < j 6 q,
i 6= ℓ 6= j, and dvi y = fxi for 0 6 i 6 q, i 6= ℓ. We must therefore find a bisimplex
x ∈ Xp,q such that
dvi x = xi for 0 6 i 6 q, i 6= ℓ,
fx = y.
(5)
To do that, we start by considering the subset
I ⊆ [p+ q]
defined by
I = {i | 0 6 i < ℓ} ∪ {p+ i | ℓ < i 6 q},
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and the family of diagonal bisimplices
x¯i ∈ ( diagX)p+q−1, i ∈ I,
(6)
y¯ ∈ ( diag Y )p+q ,
where
x¯i = (s
h
0 )
ℓ−1(shp)
q−ℓ(svℓ−1)
pxi for 0 6 i < ℓ, (7)
x¯p+i = (s
h
0 )
ℓ(shp)
q−ℓ−1(svℓ )
pxi for ℓ < i 6 q, (8)
y¯ = (sh0 )
ℓ(shp)
q−ℓ(svℓ )
py . (9)
The next verifications show that this family (6) of diagonal bisimplices is actually
diag f -compatible:
- for 0 6 i < j < ℓ,
dix¯j = d
h
i d
v
i (s
h
0 )
ℓ−1(shp )
q−ℓ(svℓ−1)
pxj
= dhi (s
h
0 )
ℓ−1(shp)
q−ℓdvi (s
v
ℓ−1)
pxj
= (sh0 )
ℓ−2(shp)
q−ℓ(svℓ−2)
pdvi xj by (4)
= (sh0 )
ℓ−2(shp)
q−ℓ(svℓ−2)
pdvj−1xi
= (sh0 )
ℓ−2(shp)
q−ℓdvj−1(s
v
ℓ−1)
pxi
= dhj−1(s
h
0 )
ℓ−1(shp)
q−ℓdvj−1(s
v
ℓ−1)
pxi by (4)
= dhj−1d
v
j−1(s
h
0 )
ℓ−1(shp)
q−ℓ(svℓ−1)
pxi
= dj−1x¯i.
- for 0 6 i < ℓ < j 6 q,
dix¯p+j = d
h
i d
v
i (s
h
0 )
ℓ(shp)
q−ℓ−1(svℓ )
pxj
= dhi (s
h
0 )
ℓ(shp )
q−ℓ−1dvi (s
v
ℓ )
pxj
= (sh0 )
ℓ−1(shp)
q−ℓ−1(svℓ−1)
pdvi xj by (4)
= (sh0 )
ℓ−1(shp)
q−ℓ−1(svℓ−1)
pdvj−1xi
= (sh0 )
ℓ−1dhp+j−ℓ(s
h
p)
q−ℓ(svℓ−1)
pdvj−1xi by (4)
= dhp+j−1(s
h
0 )
ℓ−1(shp )
q−ℓdvp+j−1(s
v
ℓ−1)
pxi by (3)
= dhp+j−1d
v
p+j−1(s
h
0 )
ℓ−1(shp)
q−ℓ(svℓ−1)
pxi
= dp+j−1x¯i.
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- for ℓ < i < j 6 q,
dp+ix¯p+j = d
h
p+i(s
h
0 )
ℓ(shp)
q−ℓ−1dvp+i(s
v
ℓ )
pxj
= (sh0 )
ℓdhp+i−ℓ(s
h
p )
q−ℓ−1(svℓ )
pdvi xj by (3)
= (sh0 )
ℓ(shp)
q−ℓ−2(svℓ )
pdvj−1xi by (4)
= (sh0 )
ℓdhp+j−ℓ−1(s
h
p)
q−ℓ−1(svℓ )
pdvj−1xi by (4)
= dhp+j−1(s
h
0 )
ℓ(shp)
q−ℓ−1dvp+j−1(s
v
ℓ )
pxi by (3)
= dhp+j−1d
v
p+j−1(s
h
0 )
ℓ(shp )
q−ℓ−1(svℓ )
pxi
= dp+j−1x¯p+i.
- for 0 6 i < ℓ,
diy¯ = d
h
i d
v
i (s
h
0 )
ℓ(shp)
q−ℓ(svℓ )
py
= dhi (s
h
0 )
ℓ(shp )
q−ℓdvi (s
v
ℓ )
py
= (sh0 )
ℓ−1(shp)
q−ℓ(svℓ−1)
pdvi y by (4)
= (sh0 )
ℓ−1(shp)
q−ℓ(svℓ−1)
pfxi
= f(sh0 )
ℓ−1(shp)
q−ℓ(svℓ−1)
pxi
= fx¯i.
and, finally,
- for ℓ < i 6 q,
dp+iy¯ = d
h
p+id
v
p+i(s
h
0 )
ℓ(shp)
q−ℓ(svℓ )
py
= dhp+i(s
h
0 )
ℓ(shp)
q−ℓdvp+i(s
v
ℓ )
py
= (sh0 )
ℓdhp+i−ℓ(s
h
p)
q−ℓ(svℓ )
pdvi y by (3)
= (sh0 )
ℓ(shp)
q−ℓ−1(svℓ )
pdvi y by (4)
= (sh0 )
ℓ(shp)
q−ℓ−1(svℓ )
pfxi
= f(sh0 )
ℓ(shp )
q−ℓ−1(svℓ )
pxi
= fx¯p+i.
Then, since by hypothesis diag f : diagX → diag Y is a Kan fibration, from
Lemma 2 we get a diagonal bisimplex
x¯ ∈ ( diagX)p+q
such that dhi d
v
i x¯ = x¯i for 0 6 i < ℓ, d
h
p+id
v
p+ix¯ = x¯p+i for ℓ < i 6 q and fx¯ = y¯.
Now, using the bisimplex x¯ we construct the bisimplex
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x = (dhp+1)
q−ℓ(dh0 )
ℓ(dvℓ )
p x¯ ∈ Xp,q,
which, we claim, satisfies Relations (5). Actually:
- for 0 < i < ℓ,
dvi x = d
v
i (d
h
p+1)
q−ℓ(dh0 )
ℓ(dvℓ )
p x¯
= (dhp+1)
q−ℓ(dh0 )
ℓdvi (d
v
ℓ )
p x¯
= (dhp+1)
q−ℓ(dh0 )
ℓ(dvℓ−1)
pdvi x¯
= (dhp+1)
q−ℓ(dh0 )
ℓ−1dhi (d
v
ℓ−1)
pdvi x¯ by (2)
= (dhp+1)
q−ℓ(dh0 )
ℓ−1(dvℓ−1)
pdhi d
v
i x¯
= (dhp+1)
q−ℓ(dh0 )
ℓ−1(dvℓ−1)
px¯i
= (dhp+1)
q−ℓ(dh0 )
ℓ−1(dvℓ−1)
p(sh0 )
ℓ−1(shp)
q−ℓ(svℓ−1)
pxi by (7)
= (dhp+1)
q−ℓ(dh0 )
ℓ−1(sh0 )
ℓ−1(shp)
q−ℓ(dvℓ−1)
p(svℓ−1)
pxi
= xi.
- for ℓ < i 6 q,
dvi x = d
v
i (d
h
p+1)
q−ℓ(dh0 )
ℓ(dvℓ )
p x¯
= (dhp+1)
q−ℓ(dh0 )
ℓdvi (d
v
ℓ )
p x¯
= (dhp+1)
q−ℓ(dh0 )
ℓ(dvℓ )
pdvp+i x¯ by (1)
= (dhp+1)
q−ℓ−1dhp+i−ℓ(d
h
0 )
ℓ(dvℓ )
pdvp+i x¯ by (2)
= (dhp+1)
q−ℓ−1(dh0 )
ℓdhp+i(d
v
ℓ )
pdvp+i x¯ by (1)
= (dhp+1)
q−ℓ−1(dh0 )
ℓ(dvℓ )
pdhp+id
v
p+i x¯
= (dhp+1)
q−ℓ−1(dh0 )
ℓ(dvℓ )
p(sh0 )
ℓ(shp )
q−ℓ−1(svℓ )
pxi by (8)
= (dhp+1)
q−ℓ−1(dh0 )
ℓ(sh0 )
ℓ(shp)
q−ℓ−1(dvℓ )
p(svℓ )
pxi
= xi.
and, finally,
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fx = f(dhp+1)
q−ℓ(dh0 )
ℓ(dvℓ )
p x¯
= (dhp+1)
q−ℓ(dh0 )
ℓ(dvℓ )
pf x¯
= (dhp+1)
q−ℓ(dh0 )
ℓ(dvℓ )
py¯
= (dhp+1)
q−ℓ(dh0 )
ℓ(dvℓ )
p(sh0 )
ℓ(shp)
q−ℓ(svℓ )
py by (9)
= (dhp+1)
q−ℓ(dh0 )
ℓ(sh0 )
ℓ(shp )
q−ℓ(dvℓ )
p(svℓ )
py
= y.
Hence Theorem 1 is proved.
Let us stress that Theorem 1 not only says that, when diag f : diagX → diag Y
is a Kan fibration, all simplicial maps fp,∗ : Xp,∗ → Yp,∗ are Kan fibrations, but
that the simplicial maps f∗,p : X∗,p → Y∗,p are Kan fibrations as well. This is a
consequence of the symmetry of the hypothesis: “ diag f is a Kan fibration”, that
is, the fact follows by exchanging the vertical and horizontal directions.
4. The converse of Theorem 1 is false
It is possible that, for a bisimplicial map f : X → Y , all simplicial maps fp,∗ and
f∗,p, p > 0, be Kan fibrations and, however, diagf be not a Kan fibration: Take X
to be the double nerve of an suitable double groupoid (i.e. a groupoid object in the
category of groupoids); then, all simplicial sets Xp,∗ and X∗,p are Kan complexes
(since they are nerves of groupoids) but, as we show below, the diagonal simplicial
set diagX is not necessarily a Kan complex.
We briefly recall some standard terminology about double groupoids; see for
example [2] or [4]. A double groupoid consists of objects a, b, ..., horizontal and
vertical morphisms between them
a
f
→ b,
b
↑g
a
, ...,
and squares σ, τ , etc., of the form
c b
f
oo
σ
d
g′
OO
a
f ′
oo
g
OO
.
These satisfy axioms such that the objects together with the horizontal morphisms
as well as the objects together with the vertical morphisms form groupoids. Further-
more, the squares form a groupoid under both horizontal and vertical juxtaposition,
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and in the situation
· ·oo ·oo
σ τ
·
OO
·oo
OO
·
OO
oo
γ δ
·
OO
·oo
OO
·oo
OO
horizontal and vertical composition commute in the sense that
(σ ·h τ) ·v (γ ·h δ) = (σ ·v γ) ·h (τ ·v δ).
In addition to the vertical identity morphisms, there are horizontal identity squares
for each vertical morphism. Its horizontal edges are the identity arrows of the hor-
izontal groupoid of arrows. Similarly, there are vertical identity squares for each
horizontal morphism with vertical identity arrows. These identity squares are com-
patible in the sense that vertical and horizontal identity squares for the vertical and
horizontal identity morphisms are the same.
Given a double groupoid G, one can construct its bisimplicial nerve (or double
nerve) NNG. A typical (p, q) simplex of NNG is a subdivision of a square of G as
matrix of p× q horizontally and vertically composable squares of the form
· ·oo ·oo · · · · ·oo
σ11 σ21 σp1
·
OO
·
OO
oo ·
OO
oo · · · ·
OO
·
OO
oo
σ12 σ22 σp2
·
OO
·
OO
oo ·
OO
oo · · · ·
OO
·
OO
oo
...
...
...
...
...
· ·oo ·oo · · · · ·oo
σ1q σ2q σpq
·
OO
·
OO
oo ·
OO
oo · · · ·
OO
·
OO
oo
The bisimplicial face operators are induced by horizontal and vertical composition
of squares, and degeneracy operators by appropriated identity squares. We picture
NNG so that the set of (p, q)-simplices is the set in the p-th row and q-th column.
Thus, the p-th column of NNG, NNGp,∗, is the nerve of the “vertical” groupoid
whose objects are strings of p composable horizontal morphisms (a0
f1
← a1
f2
←
· · ·
fp
← ap) and whose arrows are depicted as
· ·oo ·oo · · · · ·oo
σ1 σ2 σp
·
OO
·
OO
oo ·
OO
oo · · · ·
OO
·
OO
oo
And, similarly, the q-th row, NNG∗,q, is the “horizontal” groupoid whose objects
are the length q sequences of composable vertical morphisms in C and whose arrows
are sequences of q vertically composable squares. In particular, NNG0,∗ and NNG∗,0
are, respectively, the nerves of the groupoids of vertical and horizontal morphisms
of G.
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Example. Let A,B be subgroups of a finite group G, such that AB 6= BA, where
AB = {ab | a ∈ A, b ∈ B} and BA = {ba | a ∈ A, b ∈ B}
(for instance, we can take G = S3, A = {id, (1, 2)} and B = {id, (1, 3)}).
Then, let C = C(A,B) denote the double groupoid with only one object, say “·”,
with horizontal morphisms ·
a
← · the elements a ∈ A, with vertical morphisms
·
↑ b
·
are the elements b of B, both with composition given by multiplication in the group,
and whose squares
· ·
a
oo
·
b′
OO
·
a′
oo
b
OO
are lists (a, b, a′, b′) of elements a, a′ ∈ A and b, b′ ∈ B such that ab = b′a′. Compo-
sitions of squares are defined, in the natural way, by
(a, b, a′, b′) ·h (a1, b1, a
′
1, b) = (aa1, b1, a
′a′1, b
′),
(a, b, a′, b′) ·v (a
′, b1, a
′
1, b
′
1) = (a, bb1, a
′
1, b
′b′1),
and identities by
idv(a) = (a, e, a, e), idh(b) = (e, b, e, b),
where e is the neutral element of the group.
So defined, we claim that the associated simplicial set diagNNC is not a Kan
complex. To prove that, note that the hypothesis AB 6= BA implies the existence
of elements a ∈ A and b ∈ B such that ab cannot be expressed in the form b′a′, for
any a′ ∈ A and b′ ∈ B. Now, the identity squares ιb = id
h(b) and ιa = id
v(a) can
be placed jointly as in the picture:
· ·
a
oo
ιa
· ·
a
oo ·
ιb
·
b
OO
·
b
OO
This means that, regarded ιa and ιb as 1-simplices of diagonal simplicial set diagNNC,
they are compatible, in the sense that
dh0d
v
0ιa = · = d
h
1d
v
1ιb.
Therefore, if we assume that diagNNC is a Kan complex, we should find a diagonal
bisimplex, say x ∈ NNC2,2, such that d
h
0d
v
0x = ιb and d
h
2d
v
2x = ιa. This (2, 2)-simplex
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x of the nerve of the double groupoid, should be therefore of the form
· ·
a
oo ·oo
ιa
· ·
a
oo ·
OO
ιb
·
a′
OO
·
b′
oo
b
OO
a
b
OO
what is clearly impossible. Hence, the diagonal of the bisimplicial nerve of (A,B) is
not a Kan complex, in spite of the fact that this bisimplicial set is a pointwise Kan
complex in both vertical and horizontal directions.
For a last comment, we shall point out a fact suggested by a referee: the property
proved in Theorem 1 for diagonal fibrations is not true for diagonal trivial fibrations.
For instance: Let EG be the universal cover of a non-trivial discrete group G,
that is, the simplicial set with EGn = G
n+1 and faces given by di(x0, ..., xn) =
(x0, ..., xi−1, xi+1, ..., xn), 0 6 i 6 n, and let X = EG ⊗ EG, the bisimplicial set
defined by Xp,q = EGp × EGq. Then, diagX is contractible to a one point Kan
complex and, however, each simplicial set X∗,q = EG×G
q is homotopy equivalent
to the constant simplicial set Gq, and therefore it is not contractible. In conclusion,
X → pt is a diagonal trivial fibration but it is not a pointwise trivial fibration.
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